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ABSTRACT
Three-dimensional elastic-plastic (small-strain) finite-element
analyses were used to study the stresses, deformations, and constraint
variations around a straight-through crack in finite-thickness plates for an
elastlc-perfectly plastic material under monotonic and cyclic loading.
Middle-crack tension specimens were analyzed for thicknesses ranging from
1.25 to 20 mm with various crack lengths. Three local constraint
parameters, related to the normal, tangential, and hydrostatic stresses,
showed similar variations along the crack front for a given thickness and
applied stress level. Numerical analyses indicated that cyclic stress
history and crack growth reduced the local constraint parameters in the
interior of a plate, especially at high applied stress levels. A global
constraint factor ag was defined to simulate three-dimensional effects in
two-dimensional crack analyses. The global constraint factor was calculated
as an average through-the-thickness value over the crack-front plastic
region. Values of eg were found to be nearly independent of crack length
and were related to the stress-intensity factor for a given thickness.
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Using the global constraint factors, crack-tip opening displacements
calculated from a modified Dugdale model compared well with the finite-
element results from small- to large-scale yielding conditions for both thin
and thick bodies. An application of the global constraint factor concept to
model fatigue-crack growth under aircraft spectrum loading is presented.
INTRODUCTION
The importance of "constraint" in the analysis of notched or cracked
bodies has long been recognized by many investigators. Constraint refers to
the buildup of stresses around a crack front due to the restraint against
in-plane and out-of-plane deformation. Out-of-plane constraint is mainly
influenced by plate thickness whereas in-plane constraint has been
associated with the closeness of the crack front to external boundaries.
The level of constraint depends upon the crack configuration and thickness,
the type and magnitude of applied load, and the material stress-strain
properties. The level of constraint influences fatigue-crack growth and
fracture behavior of a cracked body. In the field of fracture mechanics,
constraint has often been used only in a qualitative manner, such as plane-
stress or plane-strain constraint. In the last few years, however, a
concerted effort by the fracture community (see for example, refs. I and 2)
has been undertaken to quantify the influence of constraint on fracture. To
evaluate various constraint parameters, two and three-dimensional stress
analysis methods have been used to determine stress and deformation states
for cracked bodies.
In the past, Levy, Marcal, and Rice [3], Kiefer and Hilton [4], de
Lorenzi and Shih [5], and Moyer and Liebowitz [6] used three-dimensional,
small-strain, finite-element analyses to study cracked finite-thickness
plates. Sih and Chen [7] used small-strain plasticity theory but departed
from classical approaches by varying the tensile flow properties through the
thickness. Brocks et.al [8] and Hom and HcMeeking [9] used large-strain,
finite-element analyses to study the local stresses and deformations around
a crack in finite-thickness plates. Similar analyses were also carried out
by Wilktns [10] and Ayres [11] using finite-difference methods and by Malik
and Fu [12] with the method of lines. All of these investigators obtained
plastic-zone shapes and stress distributions around the crack front for
specific crack configurations.
More recently, the T stress {the tangential stress that is in-plane and
parallel to the crack surfaces [13]), and the q stress (a stress factor used
to characterize the difference between the actual stresses and the HRR
stress field [14]) were used as in-plane constraint parameters for two-
dimensional cracked bodies. Analyses by Brocks and Kunecke [15], and
analyses and tests by Sommer and Aurich [16], on laboratory specimens and on
surface-crack configurations showed how constraint (in particular, the mean-
stress-to-equivalent-stress ratio, am/av) affected stable crack-growth
behavior under monotonic loading.
Fatigue-crack growth in metallic materials is also influenced by
constraint variations around the crack front. A constraint parameter based
on the normal-stress-to-flow-stress ratio (Oyy/a o) was used to characterize
fatigue crack-growth and crack-closure behavior under cyclic loading
[17,18].
The transfer of fatigue-crack-growth and fracture data from laboratory
specimens to structural configurations depends upon the ability to calculate
and match the constraint parameters with the appropriate crack-driving
parameters (K, J or 6). A parametric study on the influence of
configuration, thickness, crack length, and applied stress level on crack-
front stresses, deformations, and constraint for standard laboratory
specimens and common crack configurations found in practice is lacking in
the literature. Because of the complex stress fields, these studies must be
conducted using three-dimensional numerical stress analyses. From these
analyses, expressions characterizing constraint need to be developed. Given
a body with a through-the-thickness crack, as shown in Figure 1, equations
need to be developed which express the crack-front constraint as a function
of configuration, loading, and material properties as
Constraint = f(c, w, B, S, E, ao, n) (])
where c is the crack length, w is width, B is thickness, S is the applied
stress, E is the modulus of elasticity, a o is the uniaxial flow stress, and
n is the strain-hardening coefficient. These expressions may then be used
to characterize fatigue-crack-growth and fracture behavior under various
constraint conditions or they may be used in two-dimensional models, such as
the modified Dugdale model, to correlate and predict fatigue-crack growth
[17] and fracture []9]. For use in two-dimensional models, however, an
average through-the-thickness constraint factor may be required.
Fatigue-crack growth and fracture tests on metallic materials have
shown that shear lips develop during the transition from a flat to a slant
type of crack growth, as shown in Figure 2. This transition has long been
associated with a constraint loss but the stress states corresponding to
this transition have not been quantified. Schijve [20] and others have also
shown that the transition during fatigue-crack growth is strongly influenced
by environment.
The objective this paper is to present detailed three-dimensional
elast|c-plasttc, finite-element results on the influence of crack length,
plate thickness, type of loading and load level on the triaxial constraint
variations for a straight-through crack front in an elastic-perfectly
plastic material. A standard laboratory middle-crack tension specimen was
analyzed. Primarily, monotonic loading with a stationary crack front was
considered but a thin specimen was also analyzed under cyclic loading with
crack extension. Although stable tearing under monotonic loading is of
interest, constraint variations under stable tearing will not be studied
here. Results under cyclic loading, however, may indicate some of the
trends that would be observed for stable tearing under monotonic loading.
Some numerical results for out-of-plane deformation will also be compared
with experiments and another numerical analysis from the literature.
Three "local" constraint parameters related to the normal, tangential,
and hydrostatic stress states will be compared for various crack lengths and
plate thicknesses. These three constraint parameters were selected because
they have been used in the literature to characterize constraint behavior
for either fatigue-crack growth or fracture behavior. A "global" constraint
factor eg was also defined for use in two-dimensional crack analyses to
simulate three-dimensional effects. The global constraint factor was
defined as the average through-the-thickness value of constraint over the
plastic-zone region. Using the global constraint factor, the crack-tip
opening displacements from a modified Dugdale model [17] were compared with
the present three-dimensional results from small- to large-scale yielding
conditions. An application of the global constraint factor concept to model
fatigue-crack growth under aircraft spectrum loading is presented.
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Plate thickness, m
Crack half-length, m
Minimum element size in crack-front region, m
Modulus of elasticity, MPa
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T
Plate half-height, m
Mode I (two-dimensional) stress-intensity factor, MPa-Jm
Strain-hardening coefficient
Stress ratio (Smtn/Smax)
Applied stress, MPa
Maximum applied stress, MPa
Minimum applied stress, MPa
Mean-flight stress level in TWIST spectrum, MPa
Displacement in z-direction, m
Crack-opening displacement at specified distance from crack front, m
Crack-opening displacement, v, at mid-plane (y - z = 0), m
Plate half-width, m
Cartesian coordinates
Ratio of ayy/% along crack front
Global constraint factor based on ayy for yielded material on
uncracked ligament
Effective (closure-corrected) stress-intensity factor range, MPa-Jm
Crack-tip opening displacement at 45 degree intercept location, m
Poisson's ratio
Stress tensor, MPa
Hydrostatic stress (axx+ Oyy+ azz)/3, MPa
Uniaxial flow stress, MPa
Equivalent stress (proportional to octahedral shear stress), MPa
Ratio of axx/a o along crack front
x Ratio of Om/Oo along crack front
CRACK CONFIGURATION, NATERIAL AND LOADING
The middle-crack tension specimen was analyzed for thicknesses (B)
ranging from 1.25 to 20 mm with crack-half-length-to-specimen-half-width
(c/w) ratios of 0.3, 0.5 and 0.7 (w = 40 mm). Plane-strain conditions were
also imposed on some finite-element models to show limiting conditions. The
material was assumed to be elastic-perfectly plastic with properties typical
of a high-strength aluminum alloy. The modulus of elasticity (E) was
selected to be 71,500 MPa, the flow stress (ao) was 500 MPa (unless
otherwise stated), and Poisson's ratio (v) was 0.3. The finite-element
models were subjected to either monotonic or cyclic loading. Under
monotonic loading, the crack front was held stationary, but under cyclic
loading, the crack was grown uniformly through the thickness by one element
size at the maximum applied stress in each cycle. During unloading, the
closure of the crack surfaces with contact stresses was modeled.
FINITE-ELEMENT ANALYSES
A three-dimensional (3D), elastic-plastic, finite-element program,
ZIP3D [21], developed at the NASA Langley Research Center, was used in this
study. The program uses 8-noded hexahedral elements, the von Mises yield
criterion, isotropic hardening, small-strain deformation theory, and the
associated flow rule. The numerical algorithm is based on the initial-
stress method and incremental theory of plasticity [22]. Crack extension
and closure under cyclic loading are modeled by nodal-release and contact
procedures [23].
The 3D finite-element model, as shown in Figure 3, contained six layers
through the half-thickness. The layer adjacent to the mid-plane of the
specimen (along the x-y plane) is denoted as Layer I. Thicknesses of Layers
I to 6 were 0.15, 0.125, 0.1, 0.0625, 0.0375 and 0.025 of B, respectively.
Figure 3 showsthe model for a specimenwith c/w = 0.5. For all cases, the
specimen half-width, w, was selected to be 40 mmand the half-height, h, was
80 ._wn. Region I shDwsthe meshrefinement around the crack front. The
smallest element size, d, in the crack-front region (Region I) was about
0.03 mm. For c/w ratios of 0.3 and 0.7, the model shownin Figure 3 was
modified by expanding or contracting elements in the regions x < O.4w and
x > O.6w to achieve the required c/w ratio. Therefore, the region around
the crack front (O.4w _ x _ O.6w) was shifted but the element sizes and
pattern were left unchanged. All models had the samenumberof elements
(5,706) and nodes (7,203). A uniform displacement was applied across the y
= h plane. In the incremental analysis, the displacement increment selected
was thirty percent of the displacement required to yield the highest
stressed element. The analyses were conducted on a super-computer and the
analysis of each crack configuration was terminated when the plastic-yield
region extended across the net-section.
RESULTS AND DISCUSSION
As previously mentioned, three "local" constraint parameters along the
crack front are examined and compared for various thicknesses. These
parameters were based on the normal, tangential, and hydrostatic stresses
along the crack front. The normal-stress constraint factor is defined as
the ratio of the normal stress to the flow stress (ayy/a o) along the crack
front and is denoted as e. The tangential-stress constraint factor is
defined as the ratio of the tangential stress to the flow stress, denoted as
T = axx/O o. Similarly, the hydrostatic constraint factor is defined as x =
am/a o where am is the hydrostatic stress. The variation of these parameters
along the crack front with different specimen thicknesses, crack lengths and
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applied stress-intensity factor levels is presented. In addition, a
"global" constraint factor _g is defined as the average normal-stress-to-
flow-stress ratio acting over the yielded elements on the uncracked
ligament. A comparison of the global constraint factor under monotonic and
cyclic loading is made. Someresults on the influence of constraint on
fatigue-crack growth under aircraft spectrum loading are presented and
discussed.
Monotonic Loading
Stress State.-The normal stress, ayy, in the crack-front region
normalized by the flow stress, ao, is shown in Figures 4 and 5 for a thick
and thin specimen (B = IO and 2.5 mm), respectively. The ratio of crack
half-length to half-width (c/w) was 0.5. Centroidal stresses along the
crack plane are plotted for Layers I to 6 as a function of x/c, where the
crack front is located at x/c - I. These results are shown for specific
values of the applied normalized stress-intensity factor, K/(aoJW), where K
is the two-dimensional stress-intensity factor. K was calculated from the
well-known formula for the middle-crack tension specimen [24]. For the
thick specimen (Fig. 4), the normal-stress ratio remained high (about 2.8)
at the crack front for all layers except the surface layer (Layer 6).
However, in the thin material (Fig. 5), the stresses at the crack front
dropped noticeably in each layer, indicating a loss of local constraint.
The normal-stress ratio also dropped rapidly for elements away from the
crack front. The peak values of normal stress at the mid-plane of the
plates and variations through the thickness from the present analyses
compared well with those from Kiefer and Hilton [4] and Moyer and Liebowitz
[6]. The dashed line shows the global constraint factor, Og, which is the
g
average Oyy/O o for all yielded material on the uncracked ligament (discussed
later in Global Constraint Factor section). The value of _g is lower for
the thinner material indicating less constraint than the thicker material.
The variation of the local constraint, ,, along the crack front for
thicknesses of 1.25, 5 and 20 mm is shown in Figure 6 as a function of z/B.
The mid-plane of the plate is at z/B = 0 and the free surface is at z/B -
0.5. The c/w ratio was 0.5 and the applied normalized stress-intensity
factor level was 0.33. The thickest material (B - 20 mm) showed a nearly
constant value of e through the thickness, with a slight rise and then a
sharp drop near the free surface (z/B - 0.5). However, the thinnest
material (B - 1.25 mm) showed a more gradual drop in _ from the center of
the sheet (z/B - O) to the free surface.
To show the variation of the three local constraint parameters (_, T
and x) through the thickness, each parameter was normalized by its value at
the mid-plane of the plate. The parameters are given by
,, Oyy(Z)/Oyy(O)
¥ - Oxx(Z)/Oxx(O)
and x - Om(Z)/om(O)
The variation of _ and T with z/B for several thicknesses is shown in Figure
7 for c/w - 0.5 and K/(ooJW) = 0.33. Although _ and T show similar trends,
m
varied more across the plate thickness than e.
w
variation of _ and x for the same configuration and loading.
showed nearly identical trends.
Figure 8 shows the
m
Both _ and x
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The local constraint parameters e and x at the mid-plane for three
different thicknesses is shown in Figure g as a function of applied stress-
intensity factor level. Both parameters are nearly independent of specimen
thickness and increase as the applied stress-intensity factor level,
K/(ooJW ), is increased up to about 0.5. Thereafter, the constraint
parameters drop with increasing stress-intensity factor levels but show a
sharp rise at K/(%Jw) = 0.8 which corresponds to the yield zone extending
across the uncracked ligament. Again, the parameters _ and x showed the
same trends but, of course, at different magnitudes; the trends in T are
also similar.
Global Constraint Factor.-The global constraint factor was developed in
the present study for use with existing two-dimensional models [17,19] of
crack-growth behavior to approximately account for the effects of three-
dimensional stress state on crack-surface displacements. These models,
which are based on the Dugdale model [25], require a constant stress in the
tensile plastic zone. Thus, an average of the normal stresses acting over
the yielded material on the uncracked ligament may be an appropriate value
to calculate a constraint parameter. The global constraint factor is, thus,
defined as
1 M
s (Oyy/Oo) m Am _ (2)
ag = AT m=]
where Am is the projected area on the uncracked ligament of a yielded
element m, (ayy/%) m is the normalized normal stress for element m, and AT
is the total projected area for all elements (M) which have yielded.
The variation of _g with applied stress-intensity factor level for a
wide range of plate thicknesses (B = 1.25 to 20 mm) is shown in Figure 10
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for a c/w ratio of 0.5. Results for plane-strain conditions are also shown
for comparison and indicate a limiting solution. The dash-dot line at ag -
1 also denotes a lower limit under uniaxial stress conditions. The portion
of the curves shown as dashed lines were considered invalid because less
than four elements were yielded in Layer 1. The solid curves show a loss in
global constraint as the applied K level (or equivalently the plastic-zone
size) increases. For a given K level, the thinner specimens gave the lowest
constraint factors. Results for all thicknesses tended to approach nearly
the same constraint level (about 1.1S) as large-scale yielding conditions
were reached. The upper solid curve, the plane-strain solution, shows a
much slower constraint loss with increasing K level. Again, the rapid loss
of constraint at K/(aoJW) of about O.g was associated with the extension of
the plastic region across the uncracked ligament. The flow stress used for
these comparisons was SO0 MPa. However, some calculations made with ao
equal to 300 and 700 MPa for various thicknesses (not shown) demonstrated
that the normalized stress-intensity factor K/(aoJW ) was able to collapse
the results for various flow stresses onto the same curves.
Figure 11 shows the effect of crack length on the global constraint
factors for the same range of thicknesses as previously shown. The
constraint factors were nearly independent of crack length for the range of
thicknesses considered, especially for the thin sheets. For the two largest
c/w ratios 0.i and 0.7, _g was nearly identical for all thicknesses. Some
slight di{ferences were observed for large-scale yielding conditions. For
the thicker plates, the results for a c/w ratio of 0.3 were slightly lower
(less than S percent) than the results for the other c/w ratios. Again, the
limiting untaxial stress condition (_g - I) is shown by the dash-dot line.
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Deformattons.-The variations of the normalized crack-tip-opening
displacements along the crack front are shown in Figures 12 and 13 for the
applied normalized stress-intensity factor levels of 0.33 and 0.66,
respectively. Crack-tip-opening displacement (v) is defined as the
displacement at the second node behind the crack front (0.06 mm behind the
crack front or x/c - 0.9968). The displacements were normalized by the
displacement (Vo) at the mid-plane (z/B = 0). Results for three different
thicknesses (B - 1.25, 5 and 20 mm) are shown in each figure. For K/(ooJW )
= 0.33 (Fig. 12), the normalized displacements were nearly constant through
the thickness, except for some slight variations near the free surface (less
than 10 percent). However, for the higher applied stress-intensity factor
level (Fig. 13), significant variations in displacement through the
thickness were calculated. At both applied stress-intensity factor levels,
the results for the thick specimens showed a drop in displacement near the
free surface, whereas the results for the thin specimen showed a rise in
displacement at the free surface. Crack-surface displacements calculated at
locations farther from the crack front (x/c < 0.9968) showed less variation
through the thickness, as expected.
Figure 14 shows the crack-tip-opening displacement (Vo) at the mid-
plane (z/B = O) of the specimen normalized by the crack length and plotted
against the applied stress-intensity factor level. Again, displacements are
shown for the second node behind the crack front (x/c = 0.9968). Finite-
element method (FEM) results are shown for the thinnest and thickest plates
analyzed (symbols). For the same applied stress-intensity factor, vo is
larger for the thinner specimen. As expected, the thinnest specimen has a
lower overall constraint and, hence, has larger displacements near the crack
front compared to the thicker specimen. The plane-stress elastic solution
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is shown by the lowest dash curve. The finite-element results for K/(aoJW)
< 0.! generally were within 2 percent of the elastic solution. The solid
curves show the calculated crack-tip-opening displacements (at x/c = 0.9968)
using the modified Dugdale model (MDM) [17] with the ag values calculated
from the 3D finite-element analyses (as shown in Fig. 10). The effective
flow stress in the MDM was _g%. The solid curves agreed reasonably well
with the finite-element results from small- to large-scale yielding
conditions. Some differences were observed for the thick material for
K/(ao/W ) greater than 0.7. The upper and middle dashed curves in Figure 14
show the solutions from the MDM for _g _ I and 3. At low values of applied
K/(ao/W ), the FEM and MDM results approached the plane-strain solution.
However, at high values of applied K/(%Jw), the FEM results showed a loss
of constraint. The vertical asymtote from the FEM results would be
predicted from the MDM using an eg value of about 1.1 for the thin specimen
and ].2 for the thick specimen. These results suggest that the global
constraint factor controls the crack-surface displacements very close to the
crack front and that the MDM can be used to model three-dimensional effects.
A comparison of out-of-plane displacements from analyses and tests for
a thin-sheet specimen is shown in Figure 15. The displacement in the z-
direction, uz, was calculated at the free surface along the crack plane (y =
0 and z = B/2) and plotted against the normalized distance from the crack
front, (x-c)/B. The present results are shown as the solid curve (E/ao =
238; n = O) for B = 2.5 mm. (Note that the flow stress was selected as 300
MPa for these comparisons.) Results from Hom and McMeeking [g] using a
finite-deformation analysis of a very sharp notch in a strain-hardening
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material (E/o o - 100; n - 0.1) are shown as the dashed curve. Experimental
measurements from Chtang and Hareesh [26] on a sharply-notched specimen made
of 606]-T6 aluminum alloy (E/o o - 246; n - 0.054) with B = 3.2 mm are shown
by the symbols. All out-of-plane displacements were normalized by the
crack-tip-opening displacement at the 45 degree intercept (_45). All
results agreed quite well for (x-c)/B values greater than about 0.5.
However, large differences between the three results were found near the
crack front, a highly deformed region. The large out-of-plane deformation
gradient around the crack front clearly illustrates the cause of high
constraint. The material along the crack surfaces, which does not yield,
restrains the material ahead of the crack front causing a large buildup of
the Ozz stresses through the thickness and, therefore, constraint. These
stresses and out-of-plane deformations decrease sharply for locations away
from the crack front.
For monotonic loading with stable crack extension, the deformed
material in the wake of the crack front would be expected to reduce the
deformation gradient at the crack front and cause a lower constraint. A
study on stable crack extension, however, would involve a fracture criterion
and this is beyond the scope of the present paper. Further research on the
influence of stable crack extension and the plastic wake on constraint is
needed. A previous study [23] using a 3D finite-element analysis of crack
growth under cyclic loading did not use a failure criterion but allowed the
crack to grow only at maximum load. Therefore, the influence of crack
extension under cyclic loading on constraint will be briefly studied here.
Cyclic Loading
Cracks growing under cyc]tc loading leave residual plastic deformations
along the crack surfaces. Therefore, the constraint around a crack front
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may be influenced by the deformation history. To study this behavior, a
finite-element model of a thin (B - 2.5 mm) specimen was subjected to cyclic
loading at various maximum applied stress-intensity factor levels with the
minimum stress-intensity factor equal to zero (R = 0). During each cycle,
the crack front was arbitrarily extended one element size (0.03 mm) at the
maximum stress-intensity factor level. During unloading, the crack surfaces
were allowed to close and carry compressive contact stresses [23]. Five
cycles were applied to each specimen and the final crack length was equal to
the crack length used in the monotonic loading cases.
Stress State.-Comparisons of local normal stress states under cyclic
and monotonic loading in the B - 2.5 mm thick specimen are shown in Figures
16 and 17 for two levels of applied stress-intensity factors. Stresses are
plotted ahead of the crack front for Layers I, 4 and 6. At the K/(oJw) =
0.33 level, the normal stresses were nearly the same for both monotonic and
cyclic loading. A slight drop in stresses did occur along the crack front
in the interior under cyclic loading. But the stresses away from the crack
front under cyclic loading were equal to or slightly higher than those under
monotonic loading. In contrast, the behavior under the higher applied K
level (Fig. 17) showed a large reduction in local stresses in the interior
of the plate (Layer I). These results show that the cyclic stress history
and crack extension can have a strong influence on the local stresses.
Global Constraint Factor.-The global constraint factors, _g, under
monotonic and cyclic loading are compared in Figure 18 for the B = 2.5 mm
thick material as a function of the applied stress-intensity factor level.
The symbols show the results of four cyclic crack-growth analyses conducted
at different maximum stress-intensity factor levels with R = O. Results
from the monotonic loading (from Fig. 10) are shown as the solid curve. The
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ag values under cyclic loading were slightly higher than those from
monotonic loadtng for low cyclic K levels, presumably because the normal
stresses away from the crack front were slightly higher than those under
monotonic loadtng. The results at the higher cyclic K levels, however,
agreed very well with the results from monotonic loading, even though the
local stresses in the interior (Layer I) were substantially lower under
cyclic loading (as shown in Fig. ]7). The same _g values may have been
caused, in part, by the other layers carrying equal or slightly higher
stresses under cyclic loading than under monotonic loading. The dashed-dot
line shows an assumed constraint-loss regime from a previous study which
correlated fatigue-crack growth rates under constant-amplitude loading and
calculated crack growth under an aircraft spectrum loading [27]. The
matertal studted in reference 27 was 2024-T3 Alclad aluminum alloy with a
thickness of 3.1 am. The constraint-loss regime defines the region where a
drop in constraint occurs, such as from plane-strain to plane-stress
conditions. The constraint-loss (or variable-constraint) regime was
selected in reference 27 to roughly correspond to the transition region
where crack growth changes from flat to slant, as illustrated previously in
Figure Z. Results from the present and future studies on constraint may
eventually provide the means to calculate the constraint-loss regime.
Applications to Fatigue Crack Growth
Constraint has a strong influence on fatigue-crack growth and crack-
closure behavior of metallic materials [17,]8]. To illustrate this
influence, the constraint-loss regime (dash-dot curve) shown in Figure 38
was used to calculate crack growth under an aircraft spectrum loading.
Wanhill [28] conducted spectrum crack-growth tests on middle-crack
tension specimens made of 2024-T3 Alclad materia] (B = 3.1 ms). Tests were
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conducted under the TWIST [29] spectrum clipped at Level Ill with a mean
flight stress, Smf- 70 MPa. The initial crack starter notch half-length
was 3.5 mm. Comparisons are made here between experimental and calculated
crack length against flights for TWIST (Level Ill) loading. Other
comparisons are given in reference 27.
Crack-length-against-flight data for the 3.1 mm-thick specimens tested
under the TWIST (Level Ill) loading are shown in Figure 19. The figure
shows experimental results (symbols) from two separate specimens tested
under identical conditions. The solid curve is the calculated results from
the closure model with the variable-constraint condition (eg - 2 to I, as
shown in Fig. 18) using a baseline AKeff-rate relation determined from
constant-amplltude data [27]. The calculated results agreed well with the
tests, within 15 percent on flights to a given crack length.
To illustrate why the variable-constraint conditions are necessary,
calculations were made for constant constraint conditions of either eg = I
or 2 (dashed-dot curves). The model with a low constraint condition (eg =
I) predicted much longer flights to a given crack length than the test data.
Conversely, the predicted results for the higher constraint condition (_g=
2) greatly under-predicted the behavior except in the early stages of
growth. If the material had been tested at a mean-flight stress level lower
than 70 MPa, irt is expected that the lives wouldhave fallen closer to the
calculations madewith _g = 2 because the higher constraint condition would
have been applied during more of the life time. In contrast, tests
conducted at a higher mean-flight stress level may have fallen closer to the
calculated results using ag - 1.
= .
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CONCLUSIONS
Three-dimensional elastic-plastic (small-strain) finite-element
analyses were used to study the stresses and deformations around a straight-
through crack in finite-thickness plates for an elastic-perfectly plastic
material under monotonic and cyclic loading. For monotonic loading, the
crack front was held stationary, whereas under cyclic loading the crack
front was grown at maximum stress conditions. Three "local" crack-front
constraint parameters related to the normal, tangential, and hydrostatic
stresses were compared for middle-crack tension plates ranging from 1.25 to
20 mm thick with various crack lengths. Plane-strain solutions were also
obtained. A "global" constraint factor, an average through-the-thickness
value, was defined for use with the modified Dugdale model. Crack-opening
displacements near the crack front were compared with a modified Dugdale
model for various thicknesses and applied stress levels. Through-the-
thickness deformations were also compared with experimental and numerical
results from the literature. The results of this study support the
following conclusions:
(I) Commonly used constraint parameters defined for multiaxial stress states
show similar variations along the crack front and with applied stress-
intensity factor levels for stationary cracks.
(2) All plate thicknesses considered (B = 1.25 to 20 mm) developed a large
amount of local constraint in the interior regions even under large-
scale plastic yielding for stationary cracks.
(3) Cyclic stress history and crack growth reduced the local constraint in
the interior of a plate, especially under high applied stress-intensity
factor levels.
]9
(4) The global constraint factor (=g) was nearly the same for a given
stress-Intensity factor for various crack lengths and flow stresses from
small- to large-scale yielding.
(5) For a g|ven applted stress-Intensity factor level, thinner specimens
developed lower global constraint factors that the thicker specimens.
(6) Using the global constraint factors, the crack-opening displacements
calculated from the modified Dugdale model agreed reasonably well with
the three-dimensional, finite-element displacements calculated in the
interior of finite-thickness specimens.
(7) Ustng a variable constraint factor improved fatigue-crack-growth
calculations under the TWIST aircraft spectrum loading.
!J
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